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Abstract. We investigate the chiral (flavor) structure of tetraquarks, and study chiral transformation 
1 properties of the "non-exotic" [(3,3) © (3,3)] and [(8,1) © (1,8)] tetraquark chiral multiplets. We find 

<n: that as long as this kind of tetraquark states contains one quark and one antiquark having the same 

chirality, such as t/L QlQlQr + QrQrQrQl , they transform in the same way as the lowest level qq chiral 
multiplets under chiral transformations. There is only one [(3, 3) © (3, 3)] chiral multiplet whose quark- 
antiquark pairs all have the opposite chirality (qL QlQrQr + qRqR<lL<lL), and it transforms differently from 
others. Based on these studies, we construct local tetraquark currents belonging to the "non-exotic" chiral 
multiplet [(3, 3) © (3, 3)] and having quantum numbers J PC — 1 
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PACS. 11.30.Rd Chiral symmetries - 12.39.Mk Glueball and nonstandard multi-quark/gluon states - 
i-^ 1 14.40.Rt Exotic mesons 

^ 1 Introduction 

l— ~~ '■ The spontaneously breaking of chiral symmetry is one of the key issues to understand the nonlinear behaviors of the 
I , Quantum Chromodynamics (QCD) at the low energy region as well as the mass of hadrons 1,2.3,4,5,6,7,8,9,10,11, 

■ [T2TIT3"] . To describe the chiral symmetry we use the SU(3)l <8> SU(3)r chiral group, which spontaneously breaks to 
the SU(3)v group and produces eight Goldstone bosons, the pseudoscalar mesons n, K and r/s- To study this chiral 

Q> . group we can use an algebraic method, and perform chiral transformations to study the chiral structure of hadrons [TU1 
C*~) " ITTUTSUT51I14U15U16J . During this process the chiral representation itself is not changed. For example, we can perform 
C") , chiral transformations on baryons belonging to the [(6, 3) © (3, 6)] chiral representation, and the transformed ones still 

■ belong to the same representation. So the chiral symmetry is "closed" under chiral transformations. 

The study of exotic hadrons is another interesting subject P^rT5irT^ir2nif^Tl[^l[^l[^l[^Slf^lf^7i r25] . Hadrons having 
CNI ■ exotic structures are called exotica, such as hybrid states, glueballs, tetraquark states and molecular states, etc.. The 
existence of exotic hadrons is not forbidden by QCD. However, there are quite a few experiments which have observed 
exotic hadrons. These observed exotica are 7Ti(1400), 7Ti(1600) and 7Ti(2015), etc. [29] , but still they do not have an 
exotic flavor structure. Hence, the exotic flavor structure seems missing in our world. The chiral symmetry has been 
studied by lots of physicists, but the chiral structure of exotic hadrons has not been investigated by so many physicists 
yet. Since there are always multi-quark components in the Fock space expansion of physical hadron states, it is worth 
studying what remains unchanged in this expansion. 

Here we would like to propose that the "closed" chiral symmetry may be related to the missing of the exotic flavor 
structure. Take the lowest level chiral multiplet (a, ir) as an example. Here we assume that they belong to the [(3, 3) + 
(3,3)] chiral representation. Their behaviors under the U(l)v, U(1)a, SU(3)v and SU(3)a chiral transformations 
reflect their scattering properties with the revelent pseudoscalar mesons. Since the transformed fields still belong to 
the same representation, the final states of this scattering should also belong to this chiral multiplet. They can be 
higher lever chiral multiplets, such as (/?, a\), but they still have a non-exotic flavor structure. 

Take the meson /i of J PC = 1 ++ as another example. We use the interpolating field J M = 97^759 as the lowest 
level term, which can couple to f\. It belongs to the chiral representation [(8, 1) + (1, 8)]. Its full Fock space expansion 
can be written as: 

l/i) = I<77m759) + ^luG^q) + \q-y^qqq) H , (1) 

where latter terms can be obtained by properly adding a chiral singlet quark- antiquark pair or a (chiral singlet) gluon 
to some former terms. All these terms belong to the same [(8,1) + (1,8)] chiral multiplet. Chiral transformations 
do not change this chiral representation, and so there are no exotic flavor structures in this expansion. However, the 
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third term 97/j 75999 can be transformed to 97^7599759, which can have exotic quantum numbers J PC — 1 h and so 
can couple to the exotic meson tt\. We note that the exotic flavor structure may still exist, but then it can not be 
transformed to, nor transformed from, any term contained in the Fock space expansion of ground mesons and baryons 
under chiral transformations, i.e., it is not the chiral partner of any observed physical hadron. This may make them 
difficult to be observed. 

In this paper we shall study the chiral structure of the tetraquark state. We shall only consider the chiral (flavor) 
degree of freedom and leave others undetermined, such as the color, orbit and spin. These degrees of freedom can be 
fixed in other models under proper assumptions. We shall perform chiral transformations on the tetraquarks belonging 
to the "non-exotic" [(3, 3) + (3, 3)] and the [(8, 1) + (1, 8)] chiral representations. Some of them contain one pair of 
quark and antiquark which have the same chirality and are combined to be a chiral singlet (q^q^ + q^qp\)- These 
tetraquarks transform in the same way exactly as the lowest level 99 mesons belonging to the [(3, 3) + (3, 3)] or the 
[(8, 1) + (1,8)] chiral multiplets, or their mirror multiplets. This seems to be trivial but the flavor indices need to 
be organized in a proper way in order to construct a tetraquark state belonging to these representations. Except 
these [(3,3) + (3,3)] and [(8,1) + (1,8)] chiral multiplets, there is only one [(3,3) + (3,3)] chiral multiplet, whose 
quark- antiquark pairs all have the opposite chirality (9l9l9.r9.r + 9.r9-R9l9l), and it transforms differently from other 
multiplets. 

This paper is organized as follows. In Sec. [5] we study the flavor structure of tetraquarks. In Sec. |3]we study the 
chiral structure of tetraquarks. We separately investigate tetraquarks belonging to the flavor singlet, flavor decuplet, 
flavor anti-decuplet, flavor 27 and flavor octet. In Sec. 2] we study chiral transformations of the [(3, 3) ffi (3, 3)] and 
[(8, 1) ffi (1, 8)] chiral multiplets. Based on these studies, in Sec. [5] we construct local tetraquark currents belonging to 
the "non-exotic" chiral multiplet [(3, 3) © (3, 3)] and having quantum numbers J PC = 1 '". Sec. |6]is a summary. 

2 Flavor Structure of Tetraquark 

The flavor structure of tetraquark is: 

3®3©3ffi3= Mi ffi 6J (g> (3 ffi 6J 
= (s<E)3 



(3 © 6) © (6 <g) 3) © (6 <E) 6) (2) 
1 ffi 8) © (8 © To) © (8 © 10) © (l © 8 © 27) . 



In our following calculation we shall use A, B, C, • ■ ■ to denote flavor indices. e ABC is the totally anti-symmetric tensor; 
Sp BC (P = I ■ • • 10) are the normalized totally symmetric matrices; An (N — 1 • • • 8) are the Gell-Mann matrices; 
gABCD (jj = \ . . . 27) are the matrices for the 27 flavor representation. We show their non-zero components in Tab[TJ 
The weight diagram of this representation is a hexagon with three layers as shown in Fig. [TJ In our definitions S ABCD 




denotes the only one central point which is the inner layer, S^f denote the six points in the intermediate layer 
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together with another point in the inner layer, and Sg^^ D denote others twelve points in the outer layer together with 
other six points in the intermediate layer and one point in the inner layer. They satisfy the normalization conditions: 

EEEEi^ BC1 T = i, (3) 

ABCD 

and the following commutation and orthogonality relations: 

gABCD _ gBACD _ gABDC ^ 

EEEEl^^hO, for U*V. 

A B C D 



Table 1. Non-zero components of 5*1 



u 


ABCD 


qABCD 


ABCD 


qABCD 


ABCD 


qABCD 


ABCD 


qABCD 


1 


1111, 2222 


1/V30 


3333 


v/3/10 


1212 


1/VT20 


1313,2323 


-^3/40 


2 


1112,1222 


1/V20 


1323 


-1/V5 


3 


1111,2323 


l/Vw 


2222,1313 


-lA/io 


4 


1211,2212 


1/V20 


2313 


-1/V5 


5 


1113 


v/2/15 


1333 


-V3/10 


1223 


l/v 7 ^ 


6 


2223 


^2/15 


2333 


-V/3/10 


1213 


l/v 7 !) 


7 


2322 


v/2/15 


3323 


-^3/10 


1312 




8 


1311 


v/2/15 


3313 


-V3/10 


2312 


l/Vso 


9 


1122 


1 




10 


1112 


1/2 


1222 


-1/2 


11 


1111,2222 


1/^6 


1212 


-l/v/6 


12 


1211 


1/2 


2212 


-1/2 


13 


2211 


1 




14 


1123 


1/V2 




15 


1113 


1/V6 


1223 


-i/Ve 


16 


2223 


-1/V6 


1213 




17 


2213 


1/V2 




18 


1322 


1/V2 




19 


2322 


-i/Vg 


1312 


1/V6 


20 


1311 


l/Ve 


2312 


-1/V6 


21 


2311 


1/V2 




22 


1133 


1 




23 


1233 


1/V2 




24 


2233 


1 




25 


3322 


1 




26 


3312 


1/V2 




27 


3311 


1 





We can explicitly write down all the tetraquark flavor representations shown in Eq. ([2]) using these definitions and 
notations. We do this according to the flavor symmetries of diquarks and antidiquarks: 

1. When the diquark and the antidiquark both have the antisymmetric flavor structure, i.e., the flavor representation 
of (qq)(qq) is 3 eg 3, the flavor representations of tetraquark can be sing let (Si) and octet (Of): 

Sl = e ABE e CDE (q A q B )(q c q D ) (5) 
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= {qaQb){qa(1b ~ QbQa) , 
Of = (S AC X BB - 5 BC X BA ~ 5 AD \ C N B + S BD X% A ) x 

x (?a<?b)(<7c?d) 

= S AC X BB (q A q B - qBqA)(q~cqD - q~Dqc) ■ 

2. When the diquark has the antisymmetric flavor structure and the antidiquark has the symmetric structure (3(qq) © 
6(qq)), the flavor representations of tetraquark can be octet (Of) and anti-decuplet (T> ): 

of = (S AC X BB - S BC X BA + S AD X% B - S BD X% A ) x 

x (qAqB)(qcq~D) 

= 8 AC X^, B {q A q B - qBqA)(q~cq~D + q~Dqc) , (6) 
V P = t ABE S C P DE (q A q B ){qcq D ). 

3. When the diquark has the symmetric flavor structure and the antidiquark has the antisymmetric structure (6(qq) (S> 
3(qq)), the flavor representations of tetraquark can be octet (O3) and decuplet (T> p ): 

Of - {S AC X BB + S BC X BA ~ S AD X% B - S BD X% A ) x 

x (qAqB)(qcq~D) 

= 8 AC X^, B {q A qB + qBqA)(q~cq~D - q~D q~c) , (7) 
V P = S ABE e CDE (q A q B )(q c q D ). 

4. When the diquark and the antidiquark both have the symmetric flavor structure (6(qq) Cg> 6(qq)), the flavor repre- 
sentations of tetraquark can be singlet (1S2), octet (O4 ) and 27 / (T u ): 

S 2 = (S AC S BD + 6 AD S BC )(q A q B )(q c q D ) 

= (qAqB)(q~Aq~B + , (8) 

Of - {S AC X BB + S BC X BA + S AD X% B + 6 BD X% A ) x 

x (qAqB)(qcq~D) 
= 5 AC X BB (q A q B + qBq A )(qcqD + q~Dqc) , 
T U = S ABCD (q A q B )(q c q D ). 

3 Chiral Structure of Tetraquark 

Compared with its flavor structure, the chiral structure of the tetraquark is more complicated: 

(3,1)©(1,3)) 2 ® ((3,1) ©(1,3)) 2 (9) 
(3, 1) © (1, 3) © (6, 1) © (1, 6) © (3, 3) © (3, 3)) © ((3, 1) © (1, 3) © (6, 1) © (1, 6) © (3, 3) © (3, 3)) 

We show its full expression in Tab [21 where q^ and q p denote the left-handed and right-handed quarks, respectively. 
We note that the chiral structure of the tetraquark is always like [(A,B) + (B, A)], since "left" and "right" can be 
interchanged in the QCD sector. 

Using the same definitions and notations shown in the previous section, we can explicitly write down these chiral 
representations. Their explicit forms are shown in several tables. The flavor singlet tetraquarks are shown in Tab [3j 
the flavor decuplet, anti-decuplet and 27/ tetraquarks are shown in Tab|?l and the flavor octet tetraquarks are shown 
in TabO In these tables there are many exotic chiral multiplets, such as the [(15, 3) © (3, 15)] chiral multiplet. In this 
paper we shall not study these multiplets, but concentrate on the "non-exotic" [(3,3) © (3,3)] and [(8,1) © (1,8)] 
chiral multiplets as well as their mirror multiplets, which have the same chiral representations as the lowest level qq 
mesons. 

From Tabs [3] and [5] we find that there are altogether two [(3, 3) © (3, 3)] chiral multiplets Ti ^' 3 ^ and three [(3, 3) © 
(3,3)] multiplets T^ A 5 ■ Each contains one singlet and one octet tetraquarks: 

^(3,3)7(3,3) = {Su0i) T_ (10) 
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Tetraquark Chirality Chiral Multiplets Diquark Symmetry (qq ® qq) 





-\ \ m (-\ 1 W lis* 1 "i 

[(1, 1) fctf (1, 1)\ , 1) 


ft! (~\ R\\ 


(o, ±) 5 






5 (1, o) 


qLqLqhqh + qHqaqmR 




m ( i i n\] 
tf I- 1 , ±U JJ 


ft i \ < 
(0, 1J k 






1 (~\ F\\ 

y (i-, o) 


Mr iimfi sM [('in 1 1 

[[O, 1) (±) (X, 0)\ , [(lit, i.) 


m /" 1 i nil 


(0, 1) Q 




^ ^ 1, (£ 


>i (1 Q\ 
•) (1,0) 




Ml itmfi 1^1 IY8 11 end sM 


[("97 1"! m fl 97 s ! I 


(6,1)$ 


5 (6,1) 5 


3 (1,6) 5 


5(1,6) 


qLqhqhqu. + ququq^L 


[(3,3)0(3,3)1, [(6,3) 


© (3,6)] 


(3, 1) 5 


5 (3,3) 5 


3 (1,3) 5 


5 (3,3) 


[(3,3)0(3,3)], [(15,3) 


0(3,15)] 


(6,1)$ 


5 (3,3) 5 


3 (1,6) 5 


5 (3,3) 




[(3,3)0 (3,3) 


] 


(3,1)8 


5 (1,3) 5 


3 (1,3) 5 


5(3,1) 


qLqLqmR + qaqaqLCiL 


[(3,6)0(6,3) 


] 


(3,1)5 


5 (1,6) 5 


3 (1,3)5 


9(6,1) 


[(6,3) © (3,6) 


] 


(6,1)5 


5 (1,3) 5 


3 (1,6) 5 


5 (3, 1) 




[(6,6)0(6,6) 


] 


(6,1)5 


5 (1,6) 5 


3 (1,6) 5 


5(6,1) 


qhqmhqL + qRqLqnqR 


[(3,3)0(3,3)], [(6,3) 


0(3,6)] 


(3,3)5 


5 (3, 1) 5 


3 (3, 3) 5 


5(1,3) 


[(3,3)0(3,3)], [(15,3) 


©(3,15)] 


(3,3)5 


5(6,1)5 


3 (3, 3) 5 


5(1,6) 


qLqnqLqR + qRqhqmh 


[(1,1)0(1,1)], [(8,1) 


0(1,8)] 


(3,3)5 


5(3,3)5 


3 (3, 3) 5 


5(3,3) 


[(1,8)0(8,1)], [(8,8) 


©(8,8)] 



Table 3. The flavor singlet tetraquarks and their chiral structures. 



Tetraquarks Total Expression Chiral Rep. Diquark Symmetry (qq 53 qq) 



5(1,1) 


t ABE t CDE {qtqMq2 + 9&£«g«g) 


[(1,1) 


+ 


(1,1)] 


(3, 1) < 


2) (3, 1) 6 


3 (1, 3) <g 


)(1,3) 


5 (i,D 


(S AC S BD + S AB 8 BC ) {qtqMqE + q&qi&qR) 


[(1,1) 


+ 


(1,1)] 


(6,1)( 


8> (6, 1) 5 


3 (1,6) g 


)(1,6) 


5 (i,D 


S AC S BD (q£qlqCq°+q£qEq R :qE) 


[(1,1) 


+ 


(1,1)] 


(3,3)( 


S> (3, 3) 5 


3 (3, 3) g 


)(3,3) 


5(8,8) 


^^(qtqMqR+qUEtiqE) 


[(8,8) 


+ 


(8,8)] 


(3,3)( 


g) (3, 3) 5 


3 (3, 3) g 


)(3,3) 


5(3,3) 


e ABE e CDE (qtqEq£qE + 


[(3,3) 


+ 


(3,3)] 


(3,1)( 


g) (3, 3) 5 


3 (1, 3) <8 


)(3,3) 


5(3,3) 


(S AC S BD + 5 BC 6 AD ) (qtqEqSqR + qtqMqE) 


[(3,3) 


+ 


(3,3)] 


(6,1)( 


2) (3, 3) 5 


3(1,6)5; 


)(3,3) 


5(3,3) 


e ABE e CDE (q£qEq%qi + qtqMqE) 


[(3,3) 


+ 


(3,3)] 


(3,1)( 


2) (1,3) 5 


3 (1, 3) <g 


) (3, 1) 


5(3,3) 


e ABE e CDE (qtqMqE + <£d <&qR) 


[(3,3) 


+ 


(3,3)] 


(3,3)( 


2) (3, 1) 5 


3 (3, 3) g 


)(1,3) 


5(3,3) 


(S A °S BD + 8 AB 8 BC ) (qtqMqE + qhE<£qS) 


[(3,3) 


+ 


(3,3)] 


(3,3)( 


g> (6, 1) 5 


3 (3,3) g 


)(1,6) 


5(6,6) 


(8 AC 5 B ° + 8 AB 8 BC ) (q A q B L f R -q D R + qUMqE) 


[(6,6) 


+ 


(6,6)] 


(6,1)( 


g> (1,6) 5 


3 (1,6) g 


)(6,1) 



The singlet and octet tetraquarks contain both the left-handed and right-handed parts which can be written in the 
following way in order to specify representations of the chiral group SU (3) l55 SU (3) r for simplicity, i.e., 7" = 7l+Tr — > 

(j^Ji Similarly to q = q L + q R -± (j^J [EJ: 

c _ ABE CDE T A B-C^D , A B -C -Dl ABE CDE ( QlQE^L^R \ ( 1 1 \ 

\1r1r1r1l J 

^(W-^)^), (12) 

52 = (^- + ^0(||||), (13) 

C 2 = [8 AC \ D N B + 5 BC \ D N A ) ( q \ q Wl ) , (14) 

\<1r1r<1r<iE J 

5 3 = e ABE e CDE ( ) (15) 

\qrQrQlqEJ y ' 
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Tetraquarks 


Total Expression 


Chiral Rep. 


Diquark Symmetry (qq 


55 9?) 


11 

J~/ V ' / 


nAB E CDE ( A B -C -D , A B -C -D\ 


[(10,1) 


+ 


(1,10)] 


(6, 1) 1 


5 (3, 1) 


(1,6) ® 


(1,3) 


-p(15,3j 


oABE CDE( A B-C-D , A B -C -D\ 
S P <T [q L q L qt q R + q R q R q R q L ) 


[(15,3) 


+ 


(3,15)] 


(6, 1) 1 


5 (3,3) 


(1,6) <g> 


(3, 3) 




eriABE CDE ( A B-C-D , A B -C -D\ 

Sp £ (q£qzqMR + qmRqlq") 


[(6,3) 


+ 


(3,6)] 


(6,1) 1 


5(1,3) 


(1,6) ® 


(3,1) 


7-)(6,3) 


qABE CDE ( A B -C -D , A n B -C -D\ 


[(6,3) 


+ 


(3,6)] 


(3,3) i 


5(3,1) 


e (3,3) ® 




T>(8,8) 


qABE CDE ( A B-C-D , A B -C -D\ 


[(8,8) 


+ 


(8,8)] 


(3,3) i 


5(3,3) 


e (3, 3) <g> 






ARE nCDE i A R -C -D , A R -C -D\ 

e ABE S P ' UE (q£qEq±qZ + q£q R l feq%) 


[(10, 1) 


+ 


(1,10)] 


(3, 1) i 


5 (6,1) 


e (1,3) (g) 


(1,6) 


~(8,3) 


AB E nC DE { A B -C -D , A B -C -D\ 
e ABE S'f" 1 " (qtq£qkq R + q R q R q R qL) 


[(6,3) 


+ 


(3,6)] 


(3,1) $ 


5(3,3) 


e (1,3) ® 


(3,3) 


~(3,6) 


ABE oCDE ( n A B-C-D , A B -C -D\ 

e dp fe<?/? : t- qpqpqL qL ) 


[(3,6) 


+ 


(6,3)] 


(3,1) $ 


5(1,6) 


e (i,3) ® 


(p, 1 1 


^(15.3) 


e ABE S C P DE (q£q B R q C L qE + qiqE^qR) 


[(16,3) 


+ 


(3,15)] 


(3, 3) i 


5(6,1) 


e (3,3) ® 


(1,6) 


2T ; 


e ABE S$ DE (q£qMq° + q A qEf R qE) 


[(8,8) 


+ 


(8,8)] 


(3,3) i 


5(3,3) 


e (3,3) ® 


(3,3) 


7-(2T,l) 


S ABCD + 


[(27,1) 


+ 


(1,27)] 


(6, 1) 1 


5(6,1) 


e (i,6) ® 


(1,6) 


-y-(15,3) 


S ABCD (q£q B L f L q R ' + q£q B RfRq2) 


[(15,3) 


+ 


(3,15)] 


(6, 1) $ 


5 (3,3) 


e (i,6) ® 


(3,3) 


^-(15,3) 


S ABCD (qtqM<lE + qiqEq C RqE) 


[(16, 3) 


+ 


(3,16)] 


(3, 3) i 


5(6,1) 


e (3,3) ® 


(1,6) 


7-(8,8) 


S ABCD (q£q B R f L qE + qiqEq C RqE) 


[(8,8) 


+ 


(8,8)] 


(3,3) i 


5(3,3) 


e (3,3) ® 


(3,3) 



o 3 

Si 

o 5 



AC \DB cBC x DA cAD \CB , ?BD \CA\ ( QlQl QrQr 

\1r1r1l 1l 



ABE CDE f QlIrIlIl 

(<5 AC A£ B - <5^A£ B ) f 

v w w ; KqM^r 

{6 AC S BD + 5 AD 6 B C) ( iLlMoE 

\1r1IQrQr 
(^A- + ^A-)(^||| 



(16) 
(17) 
(18) 
(19) 
(20) 



Again we find that the "left" and "right" can be interchanged here. 

The chiral multiplet T^^l^' 3 ^ a ^ contain one pair of quark and antiquark which has the same chirality and can 
be combined to be a chiral singlet. This is just like adding one chiral singlet quark-antiquark pair (q A q A + q^q^) to 
the lowest level qq chiral multiplet belonging to the representations [(3, 3) © (3, 3)] and [(3, 3) © (3, 3)]. In contrast, all 

(3 3) 

the quark-antiquark pairs contained in 7J have the opposite chirality, and so can not be chiral singlet. This makes 

(3 3) 

7J ' much different from others. 

( 8 1) 

We do the same procedures and find there are altogether five [(8,1) © (1,8)] chiral multiplets 7^...' 5 and one 
[(1,8) © (8, 1)] multiplet T 6 (1,8) : 



V. 



8,1) 

N 



T-(8,l) 
'2, N 



T (8,l) 
'3, N 



T-(8,l) 



{8 AC \ D N B 
{5 AC \ D N B 



X BC\DA 
A N 



BC \ DA 



/ „A ^B^C^D \ 
AD yCB , cBD x CAn / <? L <7 L Ql 1l \ 



S X 



N 



5 AD X% B 



irBD \CA 



\QrQrQrQr J 

W4fR^ 



(5 AC X° B + 5 BC X° A 



/ n A „B pzC pzD 

5 AD X C N B - 6 BD X% A ^ I IlIlIlIl 



AC X° B + 5 BC X° A + S AD X% B + 6 BD X% A ) 



(21) 
(22) 
(23) 
(24) 
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Table 5. The flavor octet tetraquarks and their chiral structures. 

Tctraquarks Total Expression Chiral Rep. Diquark HvinmrTiv (qq ® qq) 

O* 8 ' 1 ' h AC \VB _ S BC X DA _ 5 AD X CB +s BD x Ca\ {q^qB-C^D +<j^<j| 5 g ? g j [(8, 1) + (1 , 8)] (3, 1) ® (3, 1) © ( 1 , 3) (1, 3) 

0(8.D (s AC ^ B ~ 6 BC ^ A + 6 AD \° B - S BD l«j T^E^S + "r.^rIr) 1(8,1) + (1.8)] (3, 1) (6, 1) © (1 , 3) (1, 6) 

0(8.D | S AC X D B+I B CJ M _ jA£> A CB _ jSD^j L^B^D " ^g^gj [(8, 1) + (1 , 8)] (6, 1) (3, 1) © (1 , 6) (1 , 3) 

O' 8 ' 1 ' ( S AC \^ B +5 BC \^ A + 5 AD X^ B +6 BD X^ A ) I q A q B q^q^ +q A q B q^q"\ [(8 , 1) + ( 1 , 8)] (6, 1) ® (6 , 1) © (1 , 6) ® (1 , 6) 

0< 3 . 3 ) |< JC >f - ■i- BC A^- 4 j ^^g?g^+jjgg?gj [(3, 8) + (3,3)] (3, 1)0 (3, 3) ©(1,3) 0(3, 3) 

Q< 8 - 3 > |^A^-^>y-ii^>CB +M BD i Mj ^A g B q C q D 7jj?gggj [(9, 8) + (3, 8)] (3, 1) (3, 3) © (1 , 3) (3 , 3) 

<3 ' S) I f AC A° S + S SC ) I -C ? -D + ? A ? B ? C^D j [(3, 3) + (3, 3)] (6, 1) (8 , 3) © ( 1 , 6) (5, 3) 

0< 15 ' 3 ' ( SAD X % B + SB ° X % A ) ("t^^L^R + "i^R «S q L ) [(15, 3) + (3, 15)] (6, 1) (3, 3) © ( 1 , 6) (3, 3) 

0< 3 ' 3 ) M C A° B -S BC A^-f 4D A™+S BD jJ A )J, A ,»^^+,^8,-^B [(3,3) + (3,3)] (3, 1) (1, 3) © (1 , 3) (3, 1) 

0< 3 .8) / 5 AC A DB _ jBCjM + jiDjCB _ jBDjClj U^f^g + ^|fgff) [(3, 8) + (6, 3)] (3, 1) (1, 6) © (1 , 3) (6 , 1) 

0< 6 ' 3 ) / 5 AC A DB + S BC X DA _ 5 AD A CB _ 6 BD x Ca\ L A q B qCqO " ? C ? D j [(6, 3) + (3, 6)] (6, 1) (1 , 3) © (1 , 6) (3, 1) 

<6 ' 8) ji iC A™ +i BC A^+i JD AC B + S BD A^ J j^, B ,-°,- B +,^, B ^,'» J [(6,6) + (6,6)] (6, 1) (1 , 6) © (1 , 6) (6 , 1) 

0< 3 - 3 ) ^C A OB _ S AD X CB^ (^q A q B qCq D +q A q B qCqV^~ [(8, 3) + (3, 3)] (3 , 3) (3, 1) © (3 , 3) ( 1 , 3) 

0<6. 3 > (i^Af - 5 A ° XCB _ 2S BC X DA + 2S BD X CA\ ( q A q B q C q D + q A q JB q C q D \ [(a, 3) + (3, 6)] (3, 3) (3, 1) © (3, 3) (1 , 3) 



£,(3,3) 


/ ?AC \DB , tAD 

p*g 




[(3, 3) + (3, 3)] 




3 (6, 1) £ 




9 (1, 6) 


o(15, 3) 






[("15, 3) + (3, TF)] 




5 (6, 1) £ 




~9 (1, 6) 


£,(8,1) 


^ A CA, 


A B -C -D , A B -C -D\ 
L R L R + q R q L q R q L J 


[(8, 1) + (1, 8)] 










(1,8) 


sAC \DB 1 


\ q £ qB R^ q %+ qA R qBqC R q f) 


[(1,8) + (8, 1)] 


(3, 3) C 


i (3,3) € 


5 (3, 3) { 


i (3,3) 


(8,8) 


JDiCB 1 


'< qB R^ D R+ qA R qB ^ C R qD L ) 


[(8, 8) + (8, 8)] 


(3, 3) C 


i (3,3) € 


5 (3, 3) { 


i (3,3) 


(8,8) 


,BC ,DJ i 


^M^ + 4 q f^ q S) 


[(8, 8) + (8, 8)] 


(3, 3) £ 


5> (3,3) C 


5 (3, 3) S 


i (3,3) 



Tf/^^A^f^IS 9 -!) , (25) 

r (i,s) _ ,ac x db ( q£q R ; qZq%\ r9fn 



u ' VAr Wtifttf 

All these six multiplets contain one pair of quark and antiquark which has the same chirality and can be combined to 
be a chiral singlet. 



4 Chiral Transformation 



4.1 Chiral Transformation of Mesons 

Under the U(l)v, U(1)a, SU(3)v and SU(3)a chiral transformations, the quark, q = ^ L ^ , transforms as 

U(l)v : q exp(ia°)<7 = q + 5q , 
SU(3) V : q -> exp(U • a)g = g + (5 a g , (27) 

U(1)a : 9 -> «xp(i7 5 6°)(7 = g + S 5 q , 
SU(3) A : q -> exp(i 75 A • b)g = g + J&g , 
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where A are the eight Gell-Mann matrices; a is an infinitesimal parameter for the U(l)v transformation, a the octet 
of SU(3)v group parameters, 6° an infinitesimal parameter for the U(1)a transformation, and b the octet of the chiral 
transformations; the 75 matrix is diagonal in the chiral (Weyl) representations [13] : 

75=(- 1 l)- ( 28 ) 

In this subsection we study the chiral transformation properties of quark- antiquark mesons. The chiral (flavor) structure 
of quark- antiquark mesons can be 

M^= q £q£ + 44^S AB K$) , (29) 

M^ = Xr(4$), (30) 
Mp 3 = (S , Of , (31) 



where 



S = S AB (4$), (32) 

The mesons M^' 1] , M^ 1 ' and A4 3:3) belong to the chiral representations [(1,1) © (1,1)], [(8,1) ffi (1,8)] and 
[(3, 3) © (3, 3)], respectively. 

The U{1) v chiral transformation is trivial which counts the quark number 5Mi = 0. The other chiral transformation 
equations are: 

' s 5 m[ 1a) -0, 

(34) 



f S 5 M^ 


= o, 




= 0, 




= 0. 


[ **M$# 


= 0, 




= 2a 1 




= 2ib 



N InmoM^o ) (35) 

N fNMOl 5 Mf^ . 

5 5 S = 2ib Q l5 S , 

S a S = , (36) 
5lS = 2i l5 b N N . 

6 5 O m = 2ib l5 O M , 

S a O M = 2a N f NM0 , (37) 
S b 5 M = 2ib N d NM ol 5 Oo + p M l5 S. 

We note that these chiral transformation equations are different from those of the relevant meson currents (fields), but 
their coefficients are similar. For example, the singlet meson field rj = 9^75(7^4, belonging to the chiral representation 
[(3, 3) © (3, 3)], transforms as 

6 5V = 2ib°q a A q a A , 

5 a r ] = 0, (38) 
#TJ = 2ib N q A \ AB q% , 



where the coefficients 2ib a , and 2ib N are similar to those of Eqs. ([36 



4.2 Chiral Transformation of Tetraquarks 



In this subsection we study the chiral transformation properties of tetraquarks belonging to the "non-exotic" [(3, 3) © 
(3, 3)] and [(8, 1) © (1, 8)] chiral representations. The calculations are straightforward and so we only show the final 



Hua-Xing Chen: The "Closed" Chiral Symmetry and Its Application to Tetraquark 



9 



results here. The f/(l)y chiral transformation is again trivial which counts the quark number 8% = 0. The chiral 
transformations of T} 3 ,' 3 ^ are the same, while 7~} 3 ' 3 ^ transform like their mirror fields: 

<5 a 5i = , (39) 
tfa = 2i lb b N Q? . 

6 5 Of = 2ib° 75 Of , 

S a Of = 2a N f NM0 0° , (40) 
£ s 6 Of = 2ib N d NMOl5 0° + |6 M 7 s5a . 

<S 5 S 2 = 2i6 75 5 2 , 

S a S 2 = 0, (41) 
Jf<S 2 = 2i l5 b N 0» . 

8 b Of = 2ib° 75 G$ I , 

8 a O? = 2a N f NM0 0° , (42) 
SlOf = 2ib N d NMOlb O° + lb M l5 S 2 . 

85S4 = -2i&°75«S 4 , 

S a S 4 = , (43) 
6 b 5 S 4 = -2i lb b N Q% . 

5 5 Of = -2i&° 75 0f , 

<5 a 4 M = 2a N f NM0 0° , (44) 
c5f Of = -2ib N d NMOl5 02 _ | & M 7g< 5 4 _ 

5 5l S 5 = -2i6 7 5 5 5 , 

<5 a 5 5 = , (45) 
6»S 5 = -2i l5 b N Og . 

5 b Of = -2i6° 7s Of , 

<P0f = 2a"/_ VA/o 0_ ) - (46) 
SlOl 1 = -2ib N d NMOl5 0° - |6 M 7 5<5 5 ■ 

These chiral transformation equations are the same as those of (a, ir) belonging to the [(3,3) © (3,3)] chiral repre- 

_____ _____ /Q g\ 

sentation, or its mirror representation (Eqs. (|36p and (|37p). While the chiral transformation equations of Tj are 
different 

6 5 S 3 = 4z6°7 5 5 3 , 

S a S 3 = , (47) 
5lS 3 = 2i l5 b N 0$ . 

8 5 Of = Mb^Of , 

8*0? = 2a N f NM0 0° , (48) 
8\Of = -2ib N d NMOlb O° + |6 M 7 5<5 3 ■ 

We note that this is the only case which has a non-exotic chiral representation but transforms differently from others 
under chiral transformations. To obtain these equations we need to use the following relation: 

Aj^ASP (49) 

1 X xAC X BD . 1 c X AD X BC 

= -jz -on mo o + -d NM o 

— -pdw moS ac '^0° + {t^nmo — 7:fNMo)S AD Xo G 
5 5 3 



+ (grfjVMO + -^fNMo)S BC Xq° — ~dNMoS BD Xq C 

/rw^N \ ABEqCDE i frw^N \* ^CDEqABE 
"l J -8xioJMpe o P -t- {± Sx io)mP £ dp 

/"rpJV \ oABCD 
'\ J -8x27>MUJu ' 



where T^ xl0 and T^ x27 are the transition matrices satisfying (T^ x10 )mp = — (Tg^ 10 )_vp- We show their explicit 
forms in Appendix [2J 
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The chiral transformations of T^ 8 '^ are the same, while Tg 1 transform like their mirror fields: 

^7x^5 m — %a N fNAioT~i 8 '^ , (50) 

°5 'l-5,M - Zlb JNMOl5 'l...5,0 ■ 

& a %,M = 2a N f NM oT 6 o , (51) 

These chiral transformations properties are the same as those of (p, a\) belonging to the [(8, 1) © (1, 8)] chiral repre- 
sentation, or its mirror representation (Eqs. (|35l0 . 



5 Tetraquark Currents of J PC = 1 + 

In the previous sections we have studied the chiral (flavor) structure of tetraquarks. Those obtained flavor matrices 
and chiral transformation equations can be used to construct tetraquark currents and study their chiral transformation 
properties. We note that the chiral (flavor) structure of tetraquark currents is much more complicated than their color 
and Lorentz structures, and so the construction of tetraquark currents becomes easy (much easier) based on the studies 
of previous sections. As an example, in this section we show how to construct tetraquark currents of exotic quantum 
numbers J PC = 1 h , but belonging to the "non-exotic" chiral multiplet [(3,3) © (3,3)]. 

The tetraquark currents of J PC — 1 h have been listed in Ref. [3D], and so we just need to add the flavor matrices 

properly. The chiral multiplets 7^ 3,3 ' and 7~} 3 ' 3 ^ both contain the diquark and antidiquark having the antisymmetry 
flavor structure 3f (qq) ® 3f (qq), i.e., the flavor matrix e ABE e CDE _ l nser ting this matrix into Eqs. (2) of Ref. [15] . 
we obtain two independent flavor singlet tetraquark currents (the superscript A is used to denote the antisymmetric 
flavor structure): 

S A = e ABE e CDE [ q fC l5 q b B (QcWCq^ - q b cl^Cq D T ) + qfCw 5 q b B (<f C KCq% - q b cl5 Cq a D T )] , 

S A = e ABE e CDE [ q fCYq B (ft^C^ + fea^Cqg) + qfC*^q B (q a cl v Cqf + q b cl »Cq a D T )] , (52) 

where the sum over repeated indices (A, B, ■ ■ ■ for flavor indices, a, 6, • • • for color indices, and p, v 1 ■ ■ ■ for Dirac spinor 
indices) is taken. C is the charge-conjugation matrix, q A and q b B represent quarks, and q^ and q B represent antiquarks. 
We can write them using the left- and right-handed quark fields q^ = 1 ^ 75 q and qu = q: 

S A = e ABE e CDE [2qf A Cq b LB {qt cl ,Cq% - q b Lcl ,Cq R T D ) + 2q R T A C q b RB (q RAl ,C qf B - q RAl ,Cq? B ) 

+2qf A C^q b RB (q a LC Cq b L T D - q b LC Cqf D ) + 2q R T A C^ l q b LB {q RC C<? R T D - qt c Cqf D )] , (53) 

K = t ABE z CDE [^fACl v q RB {qlc°^Cqf D + qtca^Cqfn) + 2q&C<f<? LB {fi c v lut Cffi J + q b RC ^Cq a R T D ) 
+2ql T A Ca^q b LB (q a LC YCq b R T D + <? Lcl "Cqf D ) + 2q R T A Ca^q RB {q Rcl »Cqf D + q b RC Y Cqf D )] , 

(33) (33) 

from which we find that these two currents belong to both 77 ' and 7J • This is because these two chiral multiplets 
are related by the charge-conjugation transformation, and so if we want to construct tetraquark currents having a 
definite charge-conjugation parity, we need to use their combinations. 

Inserting the flavor matrix (S AC X BB — S BC X BA ) into Eqs. (2) of Ref. [T5], we obtain two flavor octet tetraquark 

(3 3) (3 3) 

currents which also belong to both 7f ' and T 4 ■ 

Ot,,N = (5 AC X BB - 5 BC X BA )[qfC l5 q b B {q a cl , l5 Cq b ^ - q b cl , lb Cq a D T ) + qf ^^{q^Cqf - td^)] , 

Oi <N = (S AC X BB - 5 BC X BA ) [qfC^qU^Cqt + &<r MV Ctf?) + qf Ca^iq^Cq^ + q b c ^Cq a D T )] . (54) 

We can verify that and O a „ N belong to the same chiral multiplet, while S A ^ and G A N belong to another chiral 
multiplet. 

The chiral multiplet T^ 3 ' 3 ^ and T^ 3 ' 3 '' contains the diquark and the antidiquark having the symmetry flavor 
structure 6f(qq) ® 6f (qq), i.e., the flavor matrix (5 AC S BD + S BC S AD ), and they are also related by the charge- 
conjugation transformation. Inserting this matrix into Eqs. (1) of Ref. (TS], we obtain two independent flavor singlet 
tetraquark currents (the superscript S is used to denote the symmetric flavor structure): 

= (8 AC 8 BD + 8 BC 5 AD )[qfC lb q b B {q a clfll5 Cqf + q b c ^ 5 Cqf) + qfC 7 ^ 5 q b B (q^ 75 Cq^ + q b cl ,Cq D T )} , 

Si, = (S AC S BD + S BC 6 AD ) [qfC^qWca^Ctg ~ ti^Cqf) + qfCo» v q B (<f cl »C<?£ - fcfCijg)] . (55) 
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They can be written as 

5 S = e ABE e CDE [2qf A Cq b LB (q a LCl,Cq^ D + q b LC ^Cqf D ) + 2qf A Cq b RB (q a RAlfl CqS B + q RA J,Cqf B ) 

+2qf A C%q b RB (q a LC Cqf D + q b LC Cqf D ) + 2q R T A C 7fl q b LB {q RC Cq b £ D + q b RC Cq R T D )} , (56) 

5 5 = e ABE e CDE [2qf A CYq RB (q a LC°^Cqf D - q b LC cr^Cqf D ) + 2q R T A C^q h LB (q^ RC a^Cq R T D - q b RC o^Cqf D ) 
+2qf A Ca^q b LB (qt c YCq b R T D - q* Lcl »Cqf D ) + 2qf A Ca^q b RB (q RC Y Cq b f D - ^d" Cqf D )} , 

(S 3) (3 3) 

from which we find that these two currents belong to both 7J ' and T 5 . 

Inserting the flavor matrix (6 AC ' + 5 BC X^ A ) into Eqs. (1) of Ref. [TS], we obtain two flavor octet tetraquark 

("33) f 3 3) 

currents which also belong to both 7J ' and T 5 . 

Ol, N = [5 AC X EB + 5 BC X EA ) [qfC lb q b B {q a cl , lb Cq b T + q b cl , lb Cq D T ) + qf C W q B {<f C lsC<?g + ^Cqf)} , 
U 2^,N = [° X N +d \ N )[q A O7 q B (q c Vnv<~-<lD ~ Qc a nvCq D ) + q A Ca^q B {q c7 Cq D - q c 1 C<7d J J ■ ( 57 ) 

We can verify that Sf^ and Of N belong to the same chiral multiplct, while and Of M N belong to another chiral 
multiplet. 

(33). 

The chiral multiplet i 3 ' contains the diquark and the antidiquark having the antisymmetry flavor structure 
3f (qq) <X> 3f (qq). However, after inserting the flavor matrix e ABE e CDE - m ^ Q gq g ^ ^2) of Ref. [T5], we obtain the same 

f33^ (331 

tetraquark currents as Eqs. (IS^)) . We have verified that these two currents belonging to 7i and 7j • Therefore, 

(3 3) 

there are no tetraquark currents belonging to the chiral multiplet 7~ 3 , which have been proved to transform in an 
exotic way under chiral transformations (see Eqs. ([47)) and (|48|l ). 

The chiral transformation properties of tetraquark currents are different from those equations obtained in Sec. 2] 
for the chiral space only, but their coefficients are similar. For example, the chiral transformation equations of are: 

6 5 S A = 2zfe° X e ABE e CDE [qf Cq b B (q^, lb Cq b f - <f> cW C<f D T ) + qf C llilb q b B (^Cq b f - q b c Cqf)\ 
= 2ib°S' A , 

5 a S^ = 0, (58) 
d b 5 S A = 2ib N x (S AC X EB - 5 BC \ D N A ) [qfCq b B (q a cl , l5 Cq b D T - q b cl ^Cqf) + qf 'C W q B (tf c C<$ - <? c Cq£)] , 

where S' A and ,A N are the tetraquark currents having quantum numbers J PC — 1 ++ and belonging to the chiral 

representation [(3, 3) ffi (3, 3)] (indeed they also belong to the chiral multiplets 7~i : and 72 ' )■ Therefore, we have 
shown that the formulae obtained in Sec.|4]can be easily applied to calculate the chiral transformation equations of the 
relevant tetraquark currents. Moreover, since we have verified that there are no local tetraquark currents of J = 1 
belonging to the chiral multiplet T^ 3 ' 3 \ we arrive at a conclusion that all the local tetraquark currents of J PC = 1 
and [(3, 3) © (3, 3)] transform in the way similarly to the relevant quark- antiquark mesons of [(3, 3) © (3, 3)]. 

Since in this paper we concentrate on the chiral (flavor) structure of tetraquarks, we do not discuss tetraquark 
currents any more. We just note that these tetraquark currents can be used in the methods of Lattice QCD and QCD 
sum rule, and we shall also use them in our future QCD sum rule studies. 



6 Conclusion and Summary 

We have systematically investigated the chiral (flavor) structure of tetraquarks, and found all the chiral multiplets. We 
only consider the chiral (flavor) structure and other degrees of freedom remain undetermined. Then we concentrate 
on the tetraquarks belonging to the "non-exotic" [(3, 3) © (3, 3)] and [(8, 1) ffi (1, 8)] chiral multiplets as well as their 
mirror multiplets, which have the same representations as the lowest level qq chiral multiplets. We have studied their 
behaviors under the C/(l)y, U(1)a, SU(3)v and SU(3)a chiral transformations. We find that most of them contain 
one pair of quark and antiquark which have the same chirality and can be combined to be a chiral singlet, and so 
they can be constructed by adding one chiral singlet quark- antiquark pair to the lowest level qq chiral multiplets. 
Consequently, under chiral transformations they transform exactly like the lowest level [(3, 3) ffi (3, 3)] chiral multiplet 

(3 3) 

(a, 7t) and the [(8, 1) ffi (1, 8)] chiral multiplet (p, a\). There is only one exception, 7~ 3 , whose quark-antiquark pairs 
all have the opposite chirality, and it transforms differently from other [(3, 3) ffi (3, 3)] chiral multiplets. 
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The flavor matrices and chiral transformation equations obtained in the chiral (flavor) space of tetraquarks can be 
used to construct tetraquark currents and study their chiral transformation properties. As an example, we construct 
tetraquark currents of exotic quantum numbers J PC = 1 ^ but belonging to the "non-exotic" chiral multiplet 
[(3,3) © (3,3)]. We also calculate the chiral transformation equations of one tetraquark current SA, and find the 
coefficients of these equations (Eqs. (|58|l) are similar to those for tetraquarks belonging to the same chiral multiplet 
[(3, 3) © (3, 3)], but obtained in the chiral space only (Eqs. <j39j)). 

Since there are always multi-quark components in the Fock space expansion of physical hadron states, it is worth 
studying what remains unchanged in this expansion. In this paper we have shown that as long as the tetraquark and 
the qq meson belong to the same chiral representation and the tetraquark contains one quark and one antiquark having 
the same chirality ((Jl9l + quqii), they transform in the same way under chiral transformations. We find that among 
the five [(3, 3) © (3, 3)] and six [(8, 1) © (1,8)] tetraquark chiral multiplets shown in Tabs |3] and ten of them satisfy 
this condition. 

This study is for the tetraquark case, the pentaquark case is also interesting, which we shall study in the future. 
We shall also perform chiral transformations on other exotic tetraquarks in order to make a complete analysis, which 
is more complicated and takes more time. 
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A Transition Matrices 



Since it takes much more space to show the transition matrices Tg^ 10 , we show the conjugate-transpose ones T^j 10 
here 
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Since it takes much more space to show the transition matrices T^ x27 , we show the conjugate-transpose ones T^' 27 
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